Introduction
A building consists of a Coxeter system (W, S), a set C (of "chambers") and a "Weyl distance" δ : C × C → W , satisfying certain axioms. Given a building C ,a space X and a "mirror structre" on X , one can construct a "realization" U(C, X) of the building, by pasting together copies of X , one for each element of C . (Details are given in §1.2.) The classical choice for X is a simplex.
The following types of buildings have been studied:
• spherical buildings, where W is a finite Coxeter group,
• affine buildings, where W is a Euclidean reflection group,
• Kac-Moody buildings over finite fields, where W is fairly arbitrary but where the "thickness" is restricted to be a constant prime power q,
• right-angled buildings, where W is required to be a right-angled Coxeter group.
The purpose of this note is to use covering space theory to construct new examples of buildings. On the level of Coxeter systems, this contsruction was described previously in Davis [4] . It goes as follows. Start with a Coxeter system (W ′ , S). Change some m(s, t)'s in its Coxeter matrix from integers ≥ 2 to the symbol ∞. This defines a new Coxeter system (W, S). Suppose C ′ is a building of type (W ′ , S). We want to use it construct a building C of type (W, S). Let K be the "Davis chamber" for (W, S). Use it to get a realization U(C ′ , K) for C ′ . Since we made changes in W ′ , the space U(C ′ , K) will not be simply connected. However, as we show in Theorem 2.5, its universal cover is the realization of a building C of type (W, S).
Interesting examples can be constructed by starting with the case where W ′ is a finite Coxeter group and C ′ is a spherical building. In particular, there are examples of buildings with the following features.
• There are buildings whose maximal spherical residues contain an arbitrary set of spherical buildings and whose standard realiztions are highly connected at infinity (ruling out the procedure of simply taking the free product of various spherical buildings).
• In contrast to the (irreducible) Kac-Moody case, there are examples of buildings with different thicknesses for different types of spherical residues (in other words, even when these spherical residues are associated to algebraic groups over finite fields, the fields may be different).
• When C ′ is a finite spherical building, the automorphism group, Aut(C) always contains a torsion-free uniform lattice. (Again, this is in contrast to the KacMoody case: Kac-Moody groups generally are not expected to contain any uniform lattice.)
In §3 we discuss the special case where C ′ is a direct product, C 0 ×· · ·×C p . By making appropriate choices of which m(s, t)'s to change to ∞, we can define the notions of "free products" and "graph products" of buildings analogously to the corresponding notions for groups. When each of the buildings C i has the same rank, there also is the notion of a "square product," C 0 · · · C p (see Example 3.2) . The square product is interesting even when there are only two factors, C 0 , C 1 , and both are spherical buildings. In this case the fundamental chamber K is combinatorially isomorphic to an n-cube. The link of one vertex of the cube in the standard realization, U(C 0 C 1 , K), is the spherical realization of C 0 while the link at an opposite vertex is the spherical realization of C 1 (see Example 3.8).
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1 Basic definitions
Coxeter groups
A Coxeter matrix over a set S is an S × S symmetric matrix M = (m(s, t)) with each diagonal entry 1 and each off-diagonal entry either an integer ≥ 2 or the symbol ∞. 
Example 1.3
The group W itself has the structure of a building:
. This is called the thin building of type (W, S).
A chamber system is a set C together with a family of equivalence relations on C indexed by another set S. Chambers C, D ∈ C are s-adjacent if they are s-equivalent and not equal. A gallery in C is a finite sequence of chambers (C 0 , . . . , C k ) such that 2 are equivalent to the following two conditions on a chamber system C equipped with a function C × C → W .
• Each s-equivalence class has at least two elements.
• Given a reduced expression s for an element w ∈ W , there is a gallery of type s from C to D if and only if δ(C, D) = w.
(This is the definition in Ronan [13] .)
An apartment in C is a subset which is W -isometric to the thin building W . In other words, it is a subset A ⊂ C such that for any C ∈ A, the function
An automorphism of C is a self-bijection which preserves Weyl distance. Given C ∈ C the combinatorial ball of radius n about C is the set
There is a natural topology on the group Aut(C) of automorphisms of C : a small open neighborhood of 1 ∈ Aut(C) is the set of automorphisms which fix each element of B C (n) (for large n and some C ). Since C is locally finite, Aut(C) is a locally compact, totally disconnected topological group. As such, it has a Haar measure. A closed subgroup G ⊂ Aut(C) inherits a topology and a Haar measure. A subgroup Γ ⊂ G is a lattice if it is discrete and G/Γ has finite volume. It is a uniform lattice in It turns out that if G is strongly transitive on a thick building, then it inherits the structure of a BN pair (also called a "Tits system"), cf [1, Thm. 6.56] . (A building is thick if each s-equivalence class has at least 3 elements.)
Geometric realizations
A mirror structure over a set S on a space X is a family of subspaces (X s ) s∈S indexed by S. Given a mirror structure on X , a subspace Y ⊂ X inherits a mirror structure by setting
If X is a CW complex and each X s is a subcomplex, then X is a mirrored CW complex. For each nonempty subset T ⊂ S, define subspaces X T and X T by
Put X ∅ := X and X ∅ := ∅. Given a cell c of (a CW complex) X or a point x ∈ X , put
Given a building C of type (W, S) and a mirrored space X over S, define an equivalence relation ∼ on C × X by (C, x) ∼ (D, y) if and only if x = y and δ(C, D) ∈ W S(x) (ie, C and D belong to the same S(x)-residue). The X -realization of C , denoted U(C, X), is defined by
(C has the discrete topology.)
Example 1.5 (Spherical realizations)
Suppose W is a finite Coxeter group of rank n + 1 and C is a spherical building of type (W, S). Then W is a reflection group on the unit sphere S n ⊂ R S . Let ∆ n ⊂ S n be the fundamental simplex with its codimension one faces indexed by S. 
Galleries in C and edge paths in
. Given a gallery (C 0 , . . . , C k ) in C we get an edge path in the dual 1-skeleton with successive vertices
(There are 2k + 1 vertices in this edge path; every other one has the form v R j where R j is a residue of type s j ,) We will simplify notation by omitting the odd vertices and writing (v C 0 , . . . , v C k ) for the corresponding edge path in
The standard realization, U(C, K) As before, S denotes the poset of spherical subsets of S. Put K := |S|. For each s ∈ S, put K s := |S ≥{s} | and for each T ∈ S ,
is the geometric realization of the poset of spherical residues of C (see Davis [5] ). By construction U(C, K) is locally finite (since C is assumed to have finite thickness). It is proved in [5] that U(C, K) is contractible.
Duality groups
A space X is an n-dimensional duality space if it is acyclic and if its compactly supported cohomology, H * c (X), is torsion-free and concentrated in degree n. A discrete group Γ is an n-dimensional duality group if H * (Γ; ZΓ) is torsion-free and concentrated in degree n. If a group Γ acts freely and cocompactly on a duality space, then it is a duality group.
A finite simplicial complex L has punctured (co)homology concentrated in degree m if, for each closed simplex of L (including the empty simplex), the reduced cohomology, H * (L − σ), is torsion-free and concentrated in degree m (cf Davis-Meier [10, §6] ).
We write L is PH m as a shorthand for this condition. For example, any triangulation of S m is PH m .
The following proposition is proved in Davis et al [7] (also see Davis-Meier [10, 11] and Davis et al [8] 2 Constructing examples using covering spaces
The main construction
Next we recall a construction of Davis [4, §2] . Suppose L is a simplicial complex with vertex set S, (W ′ , S ′ ) is a Coxeter system and f : S → S ′ is a function defining a simplicial map (also denoted by f ) from L to L(W ′ , S ′ ). Also suppose that the restriction of f is each simplex is injective. (Most of the time, f : S → S ′ will be a bijection and W ′ will be a finite Coxeter group.) Let (m ′ (s ′ , t ′ )) be the Coxeter matrix for (W ′ , S ′ ). Define an (S × S) Coxeter matrix (m(s, t)) by
Let (W, S) be the corresponding Coxeter system. The map f : S → S ′ of generating sets extends to a homomorphism
has a mirror structure over S and so, by using f , we also get one over S ′ , defined by 
As in §1.3, we have the W -space, U(W, K(L)), and the
Remark U(W, K(L)) need not be contractible. A necessary and sufficient condition for this to be true is that for every spherical subset T ⊂ S, T is the vertex set of a simplex in L, i.e, L = L(W, S).
Next we want to carry out the same construction for buildings. Suppose we are given the same data as above, as well as, a building
By analogy with the case of Coxeter groups, consider the universal cover p :
Letπ denote the fundamental group of U(C ′ , K(L)). There is a free action ofπ on C such that the quotient set is identified with
We want to show that C has the structure of a building of type (W, S) and that
To this end, we first show C has the structure of a chamber system over S. 
. By Lemma 2.1, there is a gallery C ′ = (C ′ 0 , . . . , C ′ k ) with the same endpoints as C. Let (C ′ j−1 , C ′ j , C ′ j+1 ) be the subgallery corresponding to the subword (s, s).
, then we can shorten the gallery by deleting C ′ j−1 and C ′ j . If not, we can shorten it by deleting C ′ j . In either case we contradict the assumption that C has minimum length.
Next, we want to define the Weyl distance δ : C × C → W . Fix a chamber C ′ ∈ C ′ and let ρ C ′ :
Choose a chamber C ∈ C lying over C ′ . We want to construct a map r C : U → U(W, K(L)) making the following diagram commute:
Since q is a covering projection and U(W, K(L)) is simply connected, the standard lifting theorem in covering space theory implies that
) has a unique lift r C , as in the diagram, and taking the central vertex C to 1. By restricting r C to the subset C ⊂ U we get a function ρ C : C → W . (C is the set of central vertices in U and W is the set of central vertices in
Remark The reason this procedure works comes down to a fact, which was used in the proof of Lemma 2.1: every spherical residue in the chamber system C is a spherical building. This together with simple connectivity of the standard realization implies that C is a building (cf Tits [15] ).
Lemma 2.4 Suppose
Proof Let γ : [0, k] → U be the edge path in the dual 1-skeleton of U corresponding to C. Thus, γ crosses the central vertices C 0 , C 1 . . . , C k in succession. Then r C 0 • γ is an edge path in the dual 1-skeleton of U(W, K(L)). Let (w 0 , w 1 , . . . , w k ) be the corresponding gallery in W . By construction the type of this gallery is s (the type of C). Since r c 0 (C 0 ) = 1, the initial vertex w 0 is 1. Thus, 
Case 1: l(sw) > l(w).
Then s ′ = (s, s 1 , . . . , s k ) is a reduced expression for sw and (C ′ , C 0 , . . . , C k ) is a reduced gallery of type s ′ . So, by Lemma 2.4,
Then there is a reduced expression s ′ for w which begins with s. By Corollary 2.2, there is a gallery of type s ′ from C to D. The resulting gallery (C ′ , C, C 1 , . . . , D) has type beginning (s, s). Hence, the chambers C ′ , C and C 1 are s-equivalent. If
. . ) has type s ′ and is a gallery from
To check (WD3), let s be an arbitrary element of S. Suppose we have a reduced gallery (C 0 , . . . , C k ) from C to D of type (s 1 , . . . , s k ). The argument divides into the same two cases as above. In Case 1, (C ′ , C 0 , C 1 , . . . , C k ) is a reduced gallery; hence, δ(C ′ , C k ) = sw. In Case 2, by using Corollary 2.2 and Lemma 2.4, we can assume that s 1 = s (ie, the type of the gallery begins with s). Then choosing C ′ = C 1 we get a reduced gallery (C 1 , . . . ,
Examples 2.6
Suppose W ′ is a finite Coxeter group of rank n + 1 with generators indexed by
Suppose L is an n-dimensional simplicial complex which admits a "folding map" f : L → L ′ (ie, the restriction of f to each simplex is injective). Then we can proceed as above. In particular:
1) Suppose L is the barycentric subdivision of an n-dimensional cell complex. Then there is a folding map f : S → S ′ which sends the barycenter of a cell 
Definition 2.7 A simplicial complex J is a flag complex if any nonempty, finite set of vertices, which are pairwise connected by edges, spans a simplex of J .
A flag complex J is "determined by its 1-skeleton" in that it is the smallest full subcomplex of the full simplex on Vertex(J) which contains the 1-skeleton J 1 .
is the standard realization of C ).
Proof Suppose T is a spherical subset of S. Since this implies that m(s, t) < ∞ for all s, t ∈ T , we see that the elements of T are pairwise connected by edges in L.
Since L is a flag complex, this means that T is the vertx set of a simplex in L. Hence,
Remark When W ′ is finite the condition that L be a flag complex is also necessary for L to equal L(W, S).
Let (W, S) be the resulting Coxeter system and L = L(W, S). So, if C ′ is a building of type (W ′ , S ′ ), we get a building C of type (W, S).
Here is slightly different spin on the same example. Suppose L is an arbitrary finite flag complex with vertex set S. Then L is a subcomplex of the full simplex ∆ on S. Let (W ′ , S) be an arbitrary spherical Coxeter system. Then L(W ′ , S) = ∆. If E is the set of edges of ∆ which are not in L, then the construction in the previous paragraph yields
For L = ∆, we could have reached the same conclusion by choosing (W ′ , S) to be any Coxeter system with nerve ∂∆. For example, (W ′ , S ′ ) could be an irreducible affine Coxeter system.
Suppose the flag complex L is PH n−1 (defined in §1.4). Then, by Proposition 1.6,
is an n-dimensional duality space and, by Corollary 2.12 below, Aut(C) is an n-dimensional duality group.
Automorphism groups
Proposition 2.10 Suppose G ′ is a group of automorphisms of C ′ . Then C has a group of automorphisms G with
is the universal covering space. Let G be the group of all lifts of the G ′ -action. The asserted isomorphisms are easily established .
Corollary 2.11
If C ′ admits a chamber-transitive group of automorphisms, then so does C . More generally, if the action of a group G ′ of automorphisms of C ′ has only finitely many orbits, then G acts on C with the same number of orbits.
Corollary 2.12
If C ′ is a spherical building, then Aut(C) admits a torsion-free uniform lattice.
Proof We claim that the discrete subgroupπ ⊂ Aut(C) is such a lattice (wherẽ
It is uniform, since C/π = C ′ , which is a finite set. It is torsionfree, since it acts freely on the finite dimensional, contractible space U(C, K).
Question When is Aut(C) strongly transitive?
3 Partial products of Coxeter groups and buildings
General description
We are given as data:
From this data we define a new Coxeter system (W, S). First, S is the disjoint union
W is the Coxeter group associated to the Coxeter matrix (m(s, t) ). In other words, the R ij specify the edges from a vertex in S i to one in S j which are to be deleted from the nerve of (W 0 × · · · × W p , S).
Suppose Ω is a simplicial graph with vertex set {0, 1, . . . , p} and
Then W is the "graph product" of the 
Example 3.2 (Square products)
In this example suppose the sets S i are mutually bijective and that we are given a compatible family of bijections, {θ ij : S i → S j } 0≤i,j≤p .
(By a "compatible family" we mean that θ ii = 1 and θ jk • θ ij = θ ik , for all i, j, k.) The R ij are required to satisfy the following: the bijection θ i0 × θ j0 : • T i ∈ S i , for i = 0, . . . , p, and
and note that S(W ′ , S) = S 0 × · · · × S p . As in §2, the tautological bijection f : S → S 0 · · · S p extends to an epimorpism ϕ f : W → W ′ and induces an embedding
is a building of type (W ′ , S). As in §2 this lead to a new building C and a covering space,
the fundamental chamber for (W, S).
If W is as in Examples 3.1 part 1), 2) or 3), then C is, respectively, the product, free product or graph product of the C i . In the case of the graph product, write C = Ω C i . If W is as in Example 3.2, then C = C 0 · · · C p is the square product of the C i .
We have the following corollary to Corollary 2.12.
Corollary 3.3
Suppose each C i is a spherical building (of finite thickness) and Ω is a simplicial graph. If Ω is not the 1-skeleton of a simplex, then the graph product Ω C i is an infinite building whose automorphism group admits a uniform lattice. Similarly, if p ≥ 1, then C 0 · · · C p is an infinite building whose automorphism group admits a uniform lattice.
Description of L for -products
Suppose V is a set with n elements and ∆(V) is the simplex on V . Define a mirror structure over V on ∆(V) by letting ∆(V) v be the codimension one face opposite to the vertex v. Let (Z/2) V be the direct product of V cyclic groups of order two. Identify V with the standard basis of (Z/2) V (so that ((Z/2)) V , V) is a Coxeter system). Then U((Z/2) V , ∆(V)) is a triangulation of S n−1 , specifically, the boundary complex of an n-dimensional octahedron.
For any integer p ≥ 1, the set {0, . . . , p} V is a building of type ((Z/2) V , V) and thickness p. Its realiztion U({0, . . . , p} V , ∆(V)) is an n-dimensional spherical building. The space U({0, . . . , p} V , ∆(V)) is a simplicial complex which we will denote 
The above discussion proves the following.
Proposition 3.5 With notation as above, Then in the standard realization, U(C 0 C 1 ), the link at one vertex is the spherical realization U(C 0 , ∆) while at the other it is U(C 1 , ∆). At the other vertices, the links are joins of the form U(C ′ 0 , ∆ 0 ) * U(C ′ 1 , ∆ 1 ), where for i = 0, 1, C i is a building of type (W Ti , T i ) for T i ⊂ S i and dim ∆ i = Card(T i ) − 1. If we choose C 0 to be the thin building W 0 , then W 0 C 1 can be regarded as the building with fundamental chamber W 0 K obtained, as in Example 2.6, by using the natural folding map from the Coxeter complex, U(W 0 , ∆), to ∆.
Questions related to Kac-Moody groups
Suppose (W, S) is such that m(s, t) ∈ {2, 3, 4, 6, ∞} for all s = t and that q is a prime power. As in Tits [16] one can choose an (S × S) "Cartan matrix" compatible with (W, S) and from this construct a Kac-Moody Lie algebra and a Kac-Moody group G over the field F q of order q. Associated to G there is a Tits system (G, B, N, T) and a building C G with set of chambers G/B. Call C G a Kac-Moody building. Now suppose as in §2 or §3 that C ′ is a spherical building of type (W ′ , S ′ ) associated to an algebraic group G ′ over a finite field F q . Then (W, S) satisfies the crystallographic condition (that m(s, t) ∈ {2, 3, 4, 6, ∞}). Let C be the building constructed in §2. The question arises: is C isomorphic to a Kac-Moody building C G . Undoubtedly, it often is. For example, if (W, S) is is a right-angled and C is of thickness q (so that G ′ is the S ′ -fold product, PGL(2, F q )), then C ∼ = C G (since any two regular right-angled buildings of type (W, S) and thickness q are isomorphic) However, even when C ∼ = C G , the group G ⊂ Aut(C), obtained by lifting the G ′ -action to C , will not be closely related to the Kac-Moody group G. One reason is that if (W, S) is irreducible, infinite and nonaffine, then, by a result of Caprace-Remy [3] , G is a simple group. On the other hand, there is an epimorphism G → G ′ . Hence, G is contained in Ker( G → G ′ ).
